ABSTRACT. In this work the problem of characterization of Discrete Fourier Transform (DFT) spectrum of an original complex-valued signal modulated by random fluctuations of amplitude and phase is investigated. It is assumed that the amplitude and phase of signal values at discrete time moments of observations are distorted by adding realizations of independent and identically distributed random variables. The obtained results of theoretical analysis of such distorted signal spectra show that only in the case of amplitude modulation the DFT spectrum of the modulated bounded signal can be similar to the original signal spectrum, although there occur random deviations. On the other hand, if phase modulation is present, then the DFT spectrum of the modulated bounded signal not only shows random deviations but also amplitudes of peaks existing in the original spectrum are diminished, and consequently similarity to the original signal spectrum can be significantly blurred.
INTRODUCTION
The Discrete Fourier Transform (DFT) based periodogram is a widely used tool for analyzing time series that can be decomposed as a sum of monochromatic oscillations plus noise. Important applications of the periodogram include detection of hidden periodicities and estimation of unknown oscillation parameters (amplitude and frequency). For example, it is well known that very accurate frequency estimates of the sinusoidal components can be obtained from the local maxima of a periodogram (Walker 1971) .
If time series of the analyzed signal observation values at discrete time moments , , is available, then its corresponding DFT is computed as follows (Gasquet and Witomski 1999) 
for . Frequently, the well-known Fast Fourier Transform procedures are used to perform the relevant calculations (Cooley and Tukey 1965) , (Press et al. 1992) , (Singleton 1969) . Theoretical as well as numerical properties of the DFT are described in time series analysis textbooks (Blackledge 2003) , (Bloomfield 2000) , (Bremaud 2002) , (Brillinger 1975) , (Koopmans 1974) . Certain statistical properties of spectrum estimation using the DFT are investigated in the work of (Foster 1996a,b) and some other aspects like periodogram smoothing are considered in (Speed 1985) .
The present work is a continuation of the author's previous publication (Popi ski 1997) on theoretical, statistical, as well as numerical properties of the DFT spectrum. It deals with the problem of applicability of such technique to spectrum estimation of signals which are subject to random amplitude and phase modulation. The proposed approach is justified by the fact that all signals usually referred to as "periodic" have some amplitude and phase variation from period to period. For example an active sonar system transmits a periodic pulse train to detect targets. The received pulses are not perfectly periodic due to random modulation of the pulses from scattering and attenuation (Hinich 2003) . Also El Niño signals are recognized as amplitude and phase modulated (Allen and Robertson 1996) .
The assumed concept of random modulation modeling is described in section 2. In section 3 the theoretical results related to the modulated signal DFT spectrum are presented both in the case of a noiseless signal and in the case of signal observations corrupted by random errors. there is only phase modulation of the signal), which further implies for , 1 ,..., 
MODULATION MODELING
where the symbol kl denotes the Kronecker delta.
Proof.
The first property
follows immediately from the assumptions of the lemma and the definition of the DFT. In order to prove the equality 0
Also from the definition of the DFT and from the assumed zero correlation of the random variables considered we have for 1 ,...,
, which proves the second property.
Now, as we know the mean values of the random variables ,
according to the above lemma, we easily obtain from (6)
and further since
, the same formula yields for 1 ,..., From the Schwartz inequality (Bremaud 2002) we also have the following estimate related to the covariance of the random variables k r and l r for 1 ,...,
Let us remark that for bounded signals satisfying
, where is a real number, we immediately obtain from (8) and (9),
In such a case the random variables k r , 1 ,..., 1 , 0 N k , representing the spectrum of the modulated signal, have equal variances decreasing asymptotically to zero as (which implies that their covariances also decrease asymptotically to zero).
N
Bounded signals are of course of primary interest in this work since we intend to investigate spectra of regular oscillations of stationary character, modulated by random amplitude and phase fluctuations.
In view of the equalities in (3), (4), (5) and lemma 1, the equalities (7), (8) (8) and inequality (9) for random variables
. Consequently, if the original signal is bounded, then by (10) the distortion terms will have equal variances tending to zero as 1 ,..., 1 , 0 N k N , so that they will also have asymptotically zero covariances. This means that they will not distort completely the original bounded signal spectrum on which they are superimposed. Some small peaks present in the original signal spectrum can be smoothed due to amplitude modulation but possibly larger ones will be still distinguishable.
In Figure 1 . the above described effects of amplitude and/or phase signal modulation on the DFT spectrum of a model signal (sum of 7 monochromatic complex harmonics with constant amplitudes and phases) is shown. , satisfying the assumptions of lemma 1, we obtain on the basis of the DFT convolution formula (Gasquet and Witomski 1999) 
for , which by assertion of the lemma yields 1 ,..., 
